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Modulating the amplitude and phase of light is
at the heart of many applications such as wavefront
shaping,1 transformation optics,2,3 phased arrays,4
modulators5 and sensors.6 Performing this task with
high efficiency and small footprint is a formidable
challenge.7,8 Metasurfaces5,9 and plasmonics10 are
promising , but metals exhibit weak electro-optic ef-
fects. Two-dimensional materials, such as graphene,
have shown great performance as modulators with
small drive voltages.11,12 Here we show a graphene
plasmonic phase modulator which is capable of tun-
ing the phase between 0 and 2pi in situ. With a
footprint of 350 nm it is more than 30 times smaller
than the 10.6µm free space wavelength. The modu-
lation is achieved by spatially controlling the plasmon
phase velocity in a device where the spatial carrier den-
sity profile is tunable. We provide a scattering theory
for plasmons propagating through spatial density pro-
files. This work constitutes a first step towards two-
dimensional transformation optics3 for ultra-compact
modulators7 and biosensing.13
Graphene plasmons are a versatile tool for integrated
photonics and nano-optoelectronics as they provide ex-
treme sub-wavelength confinement of light14–16 while
still offering a long lifetime approaching 1 ps.16 The
graphene plasmon phase velocity (and thus wavelength)
is in situ tunable, and can be varied spatially, making
it a unique platform for for transformation optics in two
dimensions.3,17 The full spatial and dynamic control of
the plasmon velocity profile makes completely new de-
vice concepts possible. This includes on-chip interfer-
ometers and tunable metamaterials such as phased ar-
rays for a full dynamical beam manipulation.4 This full
control has thus far remained a great challenge and the
plasmon propagation was mainly controlled by physical
features in the graphene.18–20
Here, we manipulate for the first time the spatial pro-
file of the plasmon phase velocity actively employing lo-
cal metal gates, achieving in situ control of the plasmon
wavelength, as sketched in Fig. 1. A plasmon (launched
by scattering light on a gold edge) that propagates trough
the tunable spatial carrier density profile picks up a
phase, that is transferred to the photon after scatter-
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Figure 1 | Device sketch and measurement principle.
The three local gates are used to independently tune the
carrier concentration in the different graphene regions. The
phase shifter voltage VPS is tuned and during all experiments
V0 = −10V is kept constant. The gate thickness is 15 nm.
The plasmons propagate from the launching contact over the
phase shifter region and are ultimately scattered into far-field
light using a metallized AFM tip, and subsequently interfered
with the incoming light.
ing of a metallized atomic force microscopy probe tip. In
this way, we are able to continuously tune the phase shift
of the plasmon and the outcoming photons from 0 to 2pi,
and experimentally measure this phase in the far-field
with an interferometer.21,22
We present a simple model based on the optical path
length of light to explain our observations and to pro-
vide guidelines for designing such graphene plasmonic
phase modulators. Moreover we rigorously calculate the
expected phase shift and reflections using a Lippmann-
Schwinger scattering theory approach. Indeed our work
is the first time for graphene plasmons that such an ap-
proach has been used. This strongly improved under-
standing both theoretically and experimentally of plas-
monic phase-control is relevant for the future develop-
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Figure 2 | Working principle. a, Simulated spatial carrier
density profile and the corresponding spatial profile of the plas-
mon effective index n, for a range of VPS. Varying VPS leads
to different optical path lengths L. The shaded area indicates
the optical path difference ∆L = 7µm between VPS = −10V
and VPS = −6V, equivalent to a phase shift of ∆φ = 4/3pi
at λ0 = 10.6µm. The position of the local gates is indicated
at the bottom. b, Calculated optical path length L from 0 nm
to 485 nm for a changing VPS and a constant V0 = −10V.
The optical path difference for the different configurations
is indicated as ∆L. c, Plasmons propagate from the left and
start accumulating a different phase for different VPS inside the
phase shifting region (indicated by the two dashed lines) due to
their different optical path lengths L(VPS).
ment of in situ tunable metasurfaces,23 modulators and
holds great promise for novel sensor concepts.
Our device is based on a heterostructure of graphene
encapsulated between two layers of hexagonal boron ni-
tride (h-BN),16 which serves to preserve the lifetime of
the graphene plasmons. The device was assembled by the
polymer-free van der Waals assembling technique1 and
then transferred onto 15 nm thin AuPd local gates. The
so-called “phase shifter gate” has a length of 150 nm and
the gaps to the other gates are 100 nm each. Using these
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Figure 3 | Measurement of full device and a phase shift
of pi. a, Optical signal of the full device with the launching
contact at 0 nm and the position of all the gates indicated.
For clarity a polynomial background was subtracted. The edge
of the graphene is indicated as vertical solid line at 2670 nm.
b, Measurement (data points) and fits (solid lines) of the ab-
solute value of the fourth harmonic of the optical signal with
a smoothed optical signal background subtracted from both.
The phase shift between VPS = −9.5V and VPS = −6.5V is
(1.04± 0.11)pi.
local gates it is possible to spatially control the carrier
density profile. A gold contact is connected by electrical
side contact,1 allowing for gating of the graphene.
A CO2 laser with a free space wavelength of λ0 =
10.6µm is focussed onto this elongated gold contact with
a sharp edge. The polarization is perpendicular to the
edge as sketched in Fig. 1. This edge provides the neces-
sary momentum matching between far-field photons and
plasmons and thus the light is partially converted into
graphene plasmons propagating away from the edge as a
plane wave in the electrostatically doped graphene.20,25
The effect of the plasmon propagation trough this spa-
tial carrier density profile is depicted in Fig. 2a. The
plasmon effective index n = c/vph, with vph the plasmon
phase velocity and c the speed of light, is related to the
gate-induced charge density: vph ∝ λpl ∝ √ns.16 The
voltage on the phase shifter gate VPS controls n in the
graphene above this gate. After the plasmons propagate
through this velocity-tunable (and thus phase-shifting)
region their optical path length (Fig. 2b) can be ex-
pressed as
L(VPS) =
∫ b
a
n(x,VPS)dx (1)
where x is the position and a = 0 nm and b = 485 nm
are the start and end points of the phase-shifting region
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Figure 4 | Phase shift ∆φ and reflection magnitude. a
Calculated and measured phase shift with respect to the phase
of the transmitted plasmon at a gate voltage of −10V ap-
plied to both the large gates and the phase shifter gate. The
blue line is the phase shift calculated from ∆φ = k0∆L using
the calculated optical path difference ∆L. The red line is the
phase shift calculated from Lippmann-Schwinger theory (see
supplement). The error bar length of ±0.11pi is the standard
deviation of the extracted phase of the launched plasmon for
12 measurements with VPS = V0 = −10V. b Calculated reflec-
tion magnitude from the phase shifting device for a plane wave
plasmon coming in from the left.
respectively,26 where the carrier density profile does not
change any more when VPS is changed.
The carrier density profile is simulated by the elec-
trostatic Laplace equation taking into account the full
anisotropic DC permittivity of h-BN as well as the spa-
tial gate profile.27 For each VPS the carrier density profile
is simulated and n(x,VPS) is then calculated taking into
account the full dielectric environment (see supplement).
The carrier-density-dependent graphene conductivity is
calculated using the zero-temperature non-local random
phase approximation.28 As the out-of-plane decay length
of the plasmons is much smaller than the thickness of the
bottom h-BN the spatial profile of the metal gates does
not need to be taken into account.
Due to the different optical path lengths for different
VPS the plasmons accumulate a different phase φ after
propagating through the phase shifter region. The phase
difference ∆φ between different optical path lengths can
be estimated using the optical path difference,
∆φ(VPS) = k0∆L = k0 (L(VPS)− L(−10 V)) . (2)
In Fig. 2c we show how the optical path difference ∆L
translates into a different phase for different VPS as they
exit the phase shifter region. The wavelength reduction
in the phase shifter region is clear.
In order to experimentally observe the phase shift be-
tween different VPS we use a metallized atomic force
microscopy probe tip to scan across the sample. The
plasmons are scattered from the probe tip and then
recorded as the out-scattered light signal in the far-field
by scattering-type scanning near-field optical microscopy
(s-SNOM) (Fig. 1). The measurement is performed in
homodyne configuration, where the light passes trough
interferometric arms with a constant length. While scan-
ning the tip across the sample we observe a plasmon
fringe pattern, as shown in Fig. 3a, with the full plasmon
wavelength λpl launched by the sharp metal edge on the
left. This fringe pattern is measured because the inci-
dent electric field interferes with the plasmon field.20,25
We do not observe any plasmons reflected by the gold
contact. We also observe a fringe pattern with λpl/2
at the graphene edge due to edge reflected plasmons in-
terfering with the plasmons launched by the tip.14–16
The extracted plasmon wavelength at a gate voltage of
V0 = −10V is λpl = 126 ± 4 nm for both launched and
reflected plasmons (Fig. 3a), in good agreement with the
theoretically calculated 128 nm.16 The drop of the op-
tical signal at the gap position is mainly explained by
the change in dielectric environment below the surface.
Gold is known to have a high optical signal however the
missing gold in the gaps leads to a drop of the optical
signal.
By changing VPS we observe a change in position of the
launched plasmon fringes to the right of the phase shifter
region (Fig. 3b). The phase shift can be extracted from
the data using the simple relationship ∆φ = kpl∆x, with
kpl = 2pi/λpl. We find that the wavelength of the plas-
mons to the right of the phase shifting region is indepen-
dent of VPS. This confirms that that the carrier density
is well defined for the region where we extract the light
phase, and that the phase-shift only occurs in the phase-
shifting region for positions from 100 to 350 nm.
In order to extract φ for different VPS we remove the
background optical signal by subtracting the smoothed
optical signal both from data and fitting function.
We then fit launched and edge reflected fringes using
Re(reiφeikx), where φ is the phase we are interested in
and r a real valued amplitude. The plasmon wavevector
k = kpl + kii = 2pi/126 nm − 1.5iµm−1 is fixed in order
to capture the phase fully in φ. The extracted inverse
damping ratio γ−1p = kpl/ki ∼ 30 is in accordance with
previous studies on high quality graphene encapsulated
in h-BN at room temperature.16 In order to compensate
for small drifts in the interferometric arm length which
can lead to a change in the fringe position, we measure
the phase of the launched plasmons relative to the phase
of the edge reflected plasmons. The edge reflected plas-
mons are not influenced by VPS as the graphene edge
is ∼2.7 µm away (and thus more than the plasmon de-
cay length) from the phase shifter gate (Fig. 3a). The
phase of the edge reflected plasmons is measured relative
to the graphene edge from the simultaneously measured
topography.16
4In Fig. 4a we show the measured phase shift ∆φ rel-
ative to the plasmon phase measured at VPS = V0 =
−10V. We observe a fully tunable phase shift from 0
to 2pi for a 6V range. The blue line is the phase shift
calculated from the optical path length approximation
(OPLA)26 using eq. 2, without fitting parameters. A
good agreement with experiments is reached for small
VPS−V0 but stronger deviation is clearly visible for larger
VPS − V0.
In order to quantitatively understand the behaviour
of the phase shift, we employ a scattering approach
that parallels Lippmann-Schwinger single-particle quan-
tum scattering theory, which we termed Lippmann-
Schwinger-Random Phase Approximation (LS-RPA).
This approach reduces to the OPLA when the plasmon
wavelength is much smaller than the length scale over
which the carrier density changes. As for our device,
these two lengthscales are comparable, the LS-RPA ap-
proach is required. Numerical results obtained with the
LS-RPA approach as shown in Fig. 4a are in excellent
agreement with experimental data. The essence of the
LS-RPA approach is the following: We start by consid-
ering an inhomogeneous system where spatial variations
of the carrier density profile are confined to a limited
region of space. The propagating plasmon modes out-
side this region define the incoming and outgoing plane
wave modes.4 Complex transmission and reflection coef-
ficients are evaluated from a long-wavelength expansion
of the proper density-density linear response function.
This is the point where the Random Phase Approxima-
tion (RPA) for an inhomogeneous electron system4 is
carried out, to approximate the proper density response
function with the non-interacting one. Keeping only the
leading term in the long-wavelength limit, one recovers
the local approximation,6 where only the local frequency-
dependent conductivity function matters. A more quan-
titative understanding of the data, however, requires the
first non-local correction to the long-wavelength expan-
sion (see supplement).
Using this approach we also calculate the expected op-
tical rejection ratio |r|2 for this device which is very small
(Fig. 4b), owing to the smooth change of the plasmon
wavelength. This makes this type of device an ideal can-
didate as a modulator as unwanted reflections are mini-
mal. Indeed we do not observe plasmons reflected by the
split gate as there are no plasmon fringes with spacing
λpl/2 observed next to the phase shifting region.
One important figure-of-merit of a phase modulator is
the half-wave voltage Vpi, the voltage that needs to be ap-
plied to change the phase by pi. Smaller voltages means
more efficient operation. The voltage-length product Vpil
reached is 2.5 V µm, more than an order of magnitude
smaller than for plasmonic phase modulators based on
other materials (60 V µm).31 It is also much smaller than
for diffraction limited phase modulators based on pin-
photodiodes (360 V µm)32 or pin-diodes with a photonic
crystal (50 V µm).33 Commercially used lithium niobate
modulators have much larger voltage-length products on
the order of V cm. By decreasing the thickness of the bot-
tom h-BN Vpi can even be further reduced. We have mod-
elled our modulator using an equivalent circuit model
(see supplement) and find that the cutoff frequency can
be up to ∼ 1THz, but the real switching time will be
limited be limited by other processes. We remark that
the coupling efficiency from light to plasmons for these
devices is very low. Improved matching schemes and res-
onant structures23 are required for the development of
practical modulators or metasurfaces.
To conclude, we have implemented a novel approach
for ultra-compact voltage-tunable plasmonic phase con-
trol by spatially controlling the graphene plasmon phase
velocity. By pushing towards higher carrier concen-
trations it could be possible to build such modulators
in the technologically relevant telecommunication wave-
length range around 1.5 µm, as near-infrared plasmons
have recently been observed.34 The same type of device
could also be used for amplitude modulation of light35
or on-chip sensing by plasmon interferometry. By nano-
structuring the phase shifting region, it would be possible
to make phased arrays to control, steer and focus light
in situ on the nanoscale.1,4
METHODS
Measurement details.
The s-SNOM used was a NeaSNOM from Neaspec GmbH,
equipped with a CO2 laser operated at 10.6 µm with ∼
20mW power. The metallized probes were commercially-
available atomic force microscopy probes with an apex radius
of ∼ 25 nm. The tip height was modulated at ∼ 250 kHz
with ∼ 100 nm amplitude. The probe tip was electrically
grounded. The beam splitter used is a ZnSe window. The
measurements were all performed at ambient conditions and
room temperature. In order to have a background free sig-
nal the fourth harmonic of the scattered light signal was used.
The gate capacitance density is 7.29×1011 e cm−2V−1, where
e is the elementary charge. The h-BN DC permittivity is 6.7
in-plane and 3.56 out-of-plane and the permittivity at 10.6µm
is 8.341 + 0.023i in-plane and 1.932 + 0.006i out-of-plane.16
Device fabrication.
The local metal gates are defined using electron beam
lithography and 15 nm of a AuPd alloy is evaporated. The
graphene and h-BN are first exfoliated onto a freshly cleaned
substrate. The stack of h-BN/graphene/h-BN is then pre-
pared using the polymer-free van der Waals assembling
technique1 and is transferred onto the local gates. Using elec-
tron beam lithography and reactive ion etching the graphene
is shaped into a rectangle. Subsequently the launching con-
tact is defined using electron beam lithography and evapora-
tion of 75 nm Au.
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Supplementary Material: Electrical 2pi phase control of infrared light
in a 350 nm footprint using graphene plasmons
I. DEVICE GEOMETRY
10 μm
1
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Supplementary Figure S1 | Microscope image of the de-
vice used for the study. The distance between the launching
gate and the graphene edge is 2.6 µm. The large local gates
can be gated by the contacts 1 and 6 on the left and right,
respectively. Contacts 3 and 7 control the phase shifter gate
voltage. Contact 2 is the side-contacted launching contact
pad. Terminals 4 and 5 are contacts to another device on the
same chip without local gates.
Fig. S1 shows an optical microscope image of the device
used for the study. The launching contact, connected to
terminal 2, can be seen on the left side. It has been
fabricated according to the recipe described in Ref. 1.
The optical illumination is from the left under an angle
of ∼ 45◦, with polarization perpendicular to the edge
of the launching contact. It is focused with a parabolic
mirror onto the atomic force microscope probe tip.
II. EQUIVALENT CIRCUIT MODEL
We estimate the frequency response by modelling our
device with an equivalent circuit. The software used is
LTspice IV 4.23. In Fig. S2a we show the model. The
contact resistance Rcontact is a relevant parameter and
should be kept small. The value of 220 Ω was calcu-
lated from a contact resistance of 1000 Ωµm, which is
well within technical capabilities and easily reachable for
typical edge contacted graphene devices.1 The assumed
channel width was 4.5 µm. In order to calculate the re-
sistances and inductances in Fig. S2a we used the Drude
conductivity of graphene with a carrier lifetime of 500 fs,
and a relative permittivity of h-BN of 3.56. The simu-
lated length of the left, center, and right gate is 350 nm,
350 nm, and 2.2 µm respectively. The voltage applied to
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Supplementary Figure S2 | Equivalent circuit model of
the phase modulator. a Scheme of the equivalent circuit
model with definitions of all the parameters. The potential dif-
ference is measured between the two voltage probes indicated
in red and grey. b Bode plot of the frequency response of the
potential difference between the voltage source and the phase
shifter gate.
the left and right gate are 10V and 6V to the phase
shifter gate in order to simulate a phase shift of pi.
In Fig. S2b we see the frequency response of the sys-
tem. The frequency cutoff of this equivalent circuit model
is above ∼ 1THz for these device parameters.
III. MEASUREMENT DETAILS
In Fig. S3 we show the raw data of the launched as well
as edge reflected plasmons and the corresponding fits. It
is clear that the fits and data agree well.
As explained in the main text we fit both reflected
and launched fringes using Re(aeiφeikx), where φ is the
phase we are interested in and a is a real valued ampli-
tude and we keep the plasmon wavevector k = kpl+kii =
2pi/126 nm−1.5iµm−1 constant for all fits. This guaran-
tees that the phase of the fringes is fully captured in φ.
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Supplementary Figure S3 | Experimentally measured plasmon signals. Measured edge-reflected (blue line) and pad-launched
(red line) plasmon signals, and their respective best-fits (green and light blue lines) for different values of the phase-shifter gate
voltage between −10V and −4V. All the other gates are held at −10V. For the sake of clarity the two signals are shown closer in
space than they actually are.
The position of the graphene edge is measured from the
simultaneously acquired topography and is used as refer-
ence point. This enables us to use the phase of the edge
reflected fringes as an absolute reference to compensate
for potential drifts in the length of one of the interfer-
ometric arms which would lead to an observed change
in fringe position in absence of an actual change of the
plasmon phase.
IV. TOPOGRAPHY
Fig. S4 shows the topography measured simultaneously
with the optical signal shown in Fig. 3a of the main text.
It is clear from the measurement that over a distance
of 500 nm at the phase shifter region the topographic
height changes by less than 2 nm and no sagging or other
unevenness of the structure is visible. We thus do not
include any type of surface effects in our analysis.
V. PLASMON WAVELENGTH IN A UNIFORM
SYSTEM
A uniform two-dimensional (2D) electron system sup-
ports plasmon modes in the form of plane waves with
wavevector kpl. The latter depends on the illumination
frequency ω, kpl = kpl(ω), in a way that can be found by
solving the equation2
iv
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Supplementary Figure S4 | Topography of the device.
Height profile of the device shows an extremely flat device for
the whole length of the device. On the very left the beginning
of the launching contact is visible.
1− v(kpl,ω)χ˜h(kpl,ω) = 0 , (S1)
where v(q,ω) is the effective electron-electron interaction
in the plane where electrons move and χ˜h(q,ω) is the
proper density-density resonse function of the homoge-
neous 2D electron system2. Here q is a wavevector space
variable and kpl is the specific numeric value assumed
when the system supports a plasmon mode at the fre-
quency considered (that is kpl = 2pi/128 nm in our ex-
periment).
For our encapsulated graphene heterostructures, we
write the effective interaction potential as
v(q,ω) ≡ 2pie
2
q
√
xz
F(q,ω) , (S2)
where x (z) is the frequency-dependent in-plane (out-of-
plane) permittivity of hBN, and F(q,ω) is a form factor
that takes into account finite-thickness effects and the
presence of a metal gate. Since our scattering theory
needs a real valued electron-electron interaction to be
fully consistent, we neglect the small (See Measurements
details in the main text) imaginary parts of the dielectric
constants x and z.
The interaction potential in a vac-
uum/hBN/G/hBN/metal heterostructure has been
calculated e.g. in the Supplementary Information of
Ref. 3. It reads as following
F(q,ω) =
tanh
[
q
√
x
z
(d+ d′)
]
+
sinh
[
q
√
x
z
(d− d′)
]
cosh
[
q
√
x
z
(d+ d′)
] + 1√
xz
1−
cosh
[
q
√
x
z
(d′ − d)
]
cosh
[
q
√
x
z
(d+ d′)
]

1 + 1√xz tanh
[
q
√
x
z
(d+ d′)
] . (S3)
Here d = 27 nm is the distance between the graphene
and the bottom gate, while d′ = 5 nm is the thickness of
the upper hBN layer.
In the Random Phase Approximation (RPA)2, the
proper density-density response function is replaced by
the non-interacting density-density response function of
a 2D massless Dirac fermion system. The latter can be
written as
χ˜h(q,ω) =
E¯Fq
2
pih¯2ω2
G(q,ω, E¯F) , (S4)
where E¯F is the Fermi energy of the uniform electron
system, and G(q,ω, E¯F) is given, up to second order in q,
by
G(q,ω, E¯F) = 1− h¯
2ω2
4E¯2F
+ 34
v2Fq
2
ω2
. (S5)
Making use of Eqs. (S2)-(S4), we can rewrite Eq. (S1) as
1− 2e
2E¯F|kpl|√
xzh¯
2ω2
F(kpl,ω)G(kpl,ω, E¯F) = 0 . (S6)
This equation must be solved numerically for kpl.
According to electrostatic simulations (see Fig 2a in the
main text) the carrier density far away from the phase-
shift gate is −7.29 × 1012 cm−2. From the solution of
Eq. (S6), we find kpl = 4.89× 10−2 nm−1 and a plasmon
wavelength λP = 128 nm.
VI. LIPPMAN-SCHWINGER-RPA
SCATTERING THEORY FOR
TWO-DIMENSIONAL PLASMONS
The reflection and transmission coefficients for plas-
mons impinging on a localized inhomogeneity in the
graphene sheet are determined by the proper density-
density response function of the inhomogeneous 2D elec-
tron system. The latter depends2 on two wavevectors and
on the frequency ω. As stated above, in the RPA, we can
replace the proper response function with the response
function of a noninteracting system. For inhomogenous
graphene sheets, even the latter quantity is not known
vexactly. In this work we use the following approxima-
tion for the long-wavelength limit of the non-interacting
density-density response function of an inhomogeneous
2D massless Dirac fermion system4:
χ˜(q, q′,ω) = EF(q − q
′)q · q′
piSh¯2ω2
− E
−1
F (q − q′)q · q′
4piS
+ 3v
2
FEF(q − q′)(q · q′)2
4piSh¯2ω4
.
(S7)
Here S is the 2D electron system area, EF(q) is defined
by
EF(q) =
∫
dr e−iq·rh¯vF sgn[n(r)]
√
pi|n(r)| , (S8)
where vF is the graphene Fermi velocity and n(r) the
local carrier density, while
E−1F (q) =
∫
dr e−iq·r
[
h¯vF sgn[n(r)]
√
pi|n(r)|
]−1
.
(S9)
Eq. (S7) is valid up to O(q4).
The above formula generalizes Eq. (S4), by allowing
spatial variations of the Fermi energy. Eq. (S7) reduces
to Eq. (S4) in the case of a uniform Fermi energy.
Let’s now write the local Fermi energy as the sum of an
asymptotic value E¯F plus a perturbation δEF(x), which
vanishes far away from the phase-shift gate and depends
only on x. The latter represents the carrier density vari-
ation induced by the presence of the phase-shift gate.
The proper density-density response function can be
decomposed according to
χ˜(q, q′,ω) = δqq′ χ˜h(q,ω) +
1
Lx
δqyq′yδχ˜(qx, q
′
x, qy,ω) ,
(S10)
where χ˜h(q,ω) is calculated from (S4), and Lx is the
length of the 2D electron system in the x direction.
The equation describing plasmons in an inhomoge-
neous system is4∑
q′
[δqq′ − v(q,ω)χ˜(q, q′,ω)] Φ(q′,ω) = 0. (S11)
Here Φ(q,ω) is the self-consistent Hartree potential on
the graphene sheet.
To calculate reflection and transmission coefficients for
plasmons impinging on the region of the phase-shift gate,
we need a solution of Eq. (S11) with asymptotic behavior
Φ(x,ω) '
{
eikpl(ω)x + rωe−ikpl(ω)x x→ −∞
tωe
ikpl(ω)x x→ +∞ .
(S12)
As in the theory of quantum-mechanical scattering, we
enforce this asymptotic condition by following the usual
Lippmann-Schwinger steps5. We first introduce the tran-
sition matrix
T (qx,ω) ≡ 1
Lx
∑
q′x
δχ˜(qx, q′x, qy = 0,ω)Φ(q′x,ω) , (S13)
which satisfies the following equation
T (qx,ω) = δχ˜(qx, kpl(ω), qy = 0,ω)
+ 1
Lx
∑
q′x
δχ˜(qx, q′x, qy = 0,ω)W
(+)
h (|q′x|,ω)T (q′x,ω) .
(S14)
In Eq. (S14), the screened interaction is4
W
(+)
h (q,ω) =
1
v−1(q,ω)− χ˜h(q,ω) + i0+ . (S15)
The transition matrix is directly related to the trans-
mission and reflection coefficients by
tω = 1− iC(ω)T (kpl(ω),ω) , (S16)
rω = −iC(ω)T (−kpl(ω),ω) , (S17)
where
C(ω) = 2pie
2F(kpl,ω)
√
xz
[
1 + kplF
′(kpl,ω)
F(kpl,ω) + kpl
G′(kpl,ω)
G(kpl,ω)
] . (S18)
Here the prime stands for derivation with respect to the
wavevector argument.
Eq. (S14) is the most important result of this Section,
and has been used to calculate the phase of the trans-
mitted plasmon. Indeed, the theoretical curve shown in
Fig. 4 of the main text has been obtained from a direct
numerical solution of Eq. (S14), using a first-order finite-
element method.
In the following, we introduce two methods to find ap-
proximate solutions of Eq. (S14). These provide a good
qualitative understanding of the scattering problem and
can be useful tools in designing new experiments.
A. First-Order Born Approximation
If the density perturbation is very small with respect
to the equilibrium density, we can use perturbation the-
ory in powers of δχ˜. The result of first-order pertur-
bation theory is known in the the context of scattering
theory as First-Order Born Approximation (FOBA)6. It
is obtained by neglecting the term in the second line of
Eq. (S14). This yields simple expressions for the scatter-
ing coefficients:
tFOBAω = 1− iC(ω)δχ˜(kpl(ω), kpl(ω), 0,ω) , (S19)
rFOBAω = −iC(ω)δχ˜(−kpl(ω), kpl(ω), 0,ω) . (S20)
We notice that the FOBA is unable to explain phase
shifts exceeding pi/2 and can be used only in a small
range of phase-shift gate voltages. This is because, in
the FOBA, the phase of the transmission coefficient is
arg
(
tFOBAω
)
= − arctan [C(ω)δχ˜(kpl(ω), kpl(ω), 0,ω)] .
(S21)
vi
B. Optical Path Length Approximation
Here we provide a rigorous derivation of the Optical
Path Length Approximation (OPLA) introduced in the
main text. This becomes exact when the local refractive
index varies slowly on the length-scale of the plasmon
wavelength. Contrary to the FOBA, the optical path
length approximation does not rely on the smallness of
δχ˜.
For plasmons propagating in the xˆ direction, the gen-
eral plasmon equation (S11) can be rewritten in real
space as following:∫
dx′
[
v−1(x− x′,ω)− χ˜(x,x′, qy = 0,ω)
]
Φ(x′,ω) = 0 ,
(S22)
where
v−1(x,ω) =
∫
dq
2pi
eiqx
v(q,ω) . (S23)
Introducing the eikonal ansatz
Φ(x,ω) = exp[ikplS(x)] , (S24)
we derive an equation for the function S(x):∫
dx′v−1(x− x′,ω)e−ikpl[S(x)−S(x′)] =
=
[
EF(x)
pih¯2ω2
− 14piEF(x)
]
k2pl [S′(x)]
2
+ 3v
2
FEF(x)
4pih¯2ω4
k4pl [S′(x)]
4 +O (kpl) .
(S25)
To leading order in kpl, the left hand side of the previ-
ous equation can be approximated by
1
v(kplS′(x),ω)
. (S26)
We define the local plasmon wavevector kpl(x) as the so-
lution of
1−2e
2EF(x)|kpl(x)|√
xzh¯
2ω2
F(kpl(x),ω)G(kpl(x),ω,EF(x)) = 0 .
(S27)
The local wavevector kpl(x) reduces to kpl for x far away
from the phase-shifter gate. Keeping only leading terms
in the limit kpl →∞ we can simplify Eq. (S25) to
kplS
′(x) = kpl(x) . (S28)
The corresponding solution for the potential is
Φ(x,ω) ∝ exp
[
i
∫ x
0
dx′kpl(x′)
]
, (S29)
and the phase of the scattering coefficient is therefore
arg(tω) =
∫ ∞
−∞
dx′ [kpl(x′)− kpl] . (S30)
The above result has been used to calculate approxima-
tively the phase of the transmitted plasmon. The result
is shown in Fig. 4 of the main text as a blue curve.
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